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1 Introduction 

\q . Since Bismut's pioneering work [21 El S] and Pardoux and Peng's seminal work [20], the 

theory of backward stochastic differential equations (BSDEs) is rather complete now. See, 
among others, El Karoui et al. [13], and Delbaen and Tang [6] for a rather general LP 
j> ! theory for BSDEs. As a natural generalization of BSDEs, backward stochastic partial 

differential equations (BSPDEs) arise in many applications of probability theory and 
stochastic processes, for instance in the optimal control of processes with incomplete 
information, as an adjoint equation of the Duncan- Mortensen-Zakai nitration equation (for 
instance, see [TJ [101 tHJ 1221 [26j [21]), an d naturally in the dynamic programming theory 
fully nonlinear BSPDEs as the so-called backward stochastic Hamilton- Jacobi-Bellman 
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equations, are also introduced in the study of controlled non-Markovian processes (see 
Peng [2T] and Englezos and Karatzas [8]). 

In this paper, we consider the following semi-linear BSPDEs: 

—du(t, x) =[£(t, x)u(t, x) + M r (t, x)v r (t, x) + F(u, v, t, x)]dt 

- v r {t, x)dW[, (t, x) G [0, T] x R d ; (1.1) 
u(T,x)=G(x), x G W 1 . 

Here and throughout this paper, we denote 

£(t,x):=a ij (t,x)-Q-^j, M r (t, x) := a jr (t, x) — , r = l,2,...,m. 

We use the Einstein summation convention and fix T G (0, oo) as a finite deterministic 
time, which can be replaced by any bounded stopping time. 

To the above BSPDEs, the method of stochastic flows was developed by Tang [23] 
which gives a probabilistic point of view and also gives classical solutions to BSPDEs (II. ip . 
On the other hand, the L 2 theory for BSPDEs has been established in the framework of 
weak solutions (see [TUl [TTJ |26j [27], for example). 

Still in the framework of weak solutions, we establish in this paper an L p -theory for 
BSPDE (11. ip which seems to be the first study for the L p -theory of BSPDEs. Motivated 
by Krylov's semianl work [TSJ [TH] on forward stochastic partial differential equations, we 
consider BSPDE as the generalized backward Kolmogorov equation and establish an L p - 
theory which includes as a particular case the L p theory (1 < p < 2) for deterministic 
parabolic partial differential equations (PDEs for short). 

Our results are based on the duality between BSPDEs and stochastic partial differen- 
tial equations (SPDEs). In response to the requirement that p > 2 in the L p theory of 
SPDEs established by Krylov [J5J [TB] we require p G (1, 2] in our LP theory for BSPDEs. 

This paper is organized as follows. In Section 2 we introduce the notions and define 
some spaces. We discuss a kind of Banach space-valued BSDEs in Section 3. In Section 
4 we construct a stochastic Banach space ffl^ which plays the same role as spaces Wp' 2 
in the theory of second-order parabolic PDEs and we also give some basic properties of 
this space there. In Section 5 we present the L p -theory of BSPDEs in the whole space for 
p G (1,2]. Specifically, we give the definition of the L p solutions and list the assumptions. 
We first solve the BSPDEs with constant-field-valued leading coefficients and then solve 
the BSPDEs for the general case. In Section 6 we discus two related topics: a comparison 
theorem and an L p -theory for p > 2. 

2 Preliminaries 

In most of this work, we shall denote by | • | (respectively, < -, • >) the norm (respectively, 
scalar product) in finite-dimension Hilbert space such as M, M fc , M fcxZ where k, I are positive 
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integers and 

(k \ \ / k I \ 2 

E and |y| := E E ^ for ^ ^ G R " X Rfc>< '- 

i=i / \i=i j=i J 

Let (O, {^i}t>o>P) be a complete filtered probability space on which is defined a Tri- 
dimensional standard Brownian motion W = {W(t) : t G [0, T]} such that {J^t}t>o is the 
natural filtration generated by W and augmented by all the P-null sets in & . And we 
denote by & the a-Algebra of the predictable sets on Q x [0,T] associated with {^t}t>o- 
If X = (X t ) te i 0;T i is an Revalued, adapted and continuous processes, we denote by 
X* or sup t \X t \ where | • | denotes the Euclidean norm on R fc . And for any p G (l,oo), 
S p (M k ) denotes the set of all the Revalued, adapted and continuous processes (Xt)te[o,T\ 
such that 

\\X\\sp := E[sup\X t \ p ] < oo. 
t 

We denote by the set of all infinitely differentiable functions of compact supports 
on R^ and by Q) the space of real- valued Schwartz distributions on C^°. And also, on 
R d we denote by 5? the set of all the Schwartz functions and by 5?' the set of all the 
tempered distributions. Note that and are endowed with matching topologies (see, 
for instance [9]). We shall denote by (•, •) not only the duality between *3) and but 
also the duality between 5? and 3" . Then the Fourier transform J-{f) of / G 3" is given 
by _ 

and the inverse Fourier transform is given by 

F(f)(x) = (27r)- rf/2 f e^ T<1 -« > /(0^, x G R d . 

It is well known that both T and J 7-1 map 3" onto itself. As usual, for any s G R and 
/ e ^ we denote I s (f) := (1 - A)*/ 2 / = + K| 2 ) s/2 ^(/)(0)- 

For given p G (1, oo) and n G (— oo, oo), we denote by H£ the space of Bessel potentials, 
that is 

H; := {(J) G 3" : (1 — A)?0 G L p (R d )} 

with the Sobolev norm 

||0|U P :=||(l-A)t0|| p! 0ei/;, 

where || • || p is the norm in L p (W d ). It is well known that H™ is a Banach space with 
the norm || • || np and the set is dense in H™. For any p G (l,oo) and n G R, we 
denote by (•, •) the dual pairing between H™ and if^ n where 1/p' + 1/p = 1, i.e., for any 

(u,v) g h; x 

(u,v) = ((1- A)2«, (1- A)~2f) = / (1 - A)2u(x)(l - A)"2w(x) cfe 

</IR d 
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where the last integral is a usual Lebesgue integral. 
Define the set of mult i- indices 



A := {a = . . . , aa) : a>x, ■ ■ ■ > a d are nonnegative integers}. 
For any a & A and x = (x 1 , . . . ,x d ) G R d , denote 

0M 



a 



i=i 



d x aiQ x a 2 . . .Q x a d 



In contrast to if" we introduce the following so-called Besov space of functions (c.f 
or [25]). 

Definition 2.1. Let s > 0, p G (1, oo), and g G [1, oo). Define 



+ E (^J^r {s}+ 1l^/(- + 2/ i )-2 J D^(- + / i ) + J D«/(-)||^ 



1/9 



< OO 



|a|=H" 



where s — [s] + {s} + , [s] is an integer and {s} + G (0, 1]. 

Let a > 0, p G (1, oo), g G [1, oo), and set such that as > 0. Then I s {B° q ) = B°~ s . 
In fact, we can introduce spaces B* with s < by defining Bt, = i_ s+1 (£?*), although 
we prefer to define the Besov space through the Littlewood-Paley decomposition (for 
instance, see [23]). As to the specific structure and properties of Besov space, see [23] or 
[24"] . In this paper, only the space I?" is involved for p G (1, oo) and n G M. 

Denote by (3 the set of all ^'-valued functions defined on Q x [0, T] such that, for any 
ii£6 and G J^, the function (w, 0) is ^-measurable. 

For p G (l,oo), we define H° := x [0,T] x R d , ^ x £(R d ),M). Denote by H° 2 

the set of the functions which are defined on Q x [0,T] x Mr and <^ x i3(IR d )-measurable 
such that 



E 



\u(t, x)\ dt\ dx 



< oo, v u g m; >2 . 



Observe that every element of H° can be considered as an H®- valued, ^-measurable 
process. For any n G K, we define 



H" = {/G6: (l-AJJ/GHj}, 



equipped with the norm 



./R d 



;i - A)%f(t,x)\ p dxdt 



1/p 
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Definition 2.2. Let p G (1, oo) and n6l. Define 



H;, 2 = {«e6: (l-AJfue^o} 



equipped with the norm 



U H 



p. 2 



/ / |(1 - A)?u(t,a;)| 2 di 



dx 



Definition 2.3. Let p G (1, oo) and n6l. For a function u G H™ 2 , we write w G EI™^ if 
(i) there exists A{u) G ^ T xi3(M d ), PxSEJt(A(u)) = where dJl(-) denotes the Lebesgue 
~ d , such that for any (oj,x) G M d x \ A(-u), (1 — A) n / 2 u(-,x) is continuous 



measure on 
on [0,T]; 
(ii) IMIh 



(E[/ Rd sup t6[0)T] |(1 - A)2 M (t,x)| p da;]) 1/p < oo. 



k - valued function u for any integer k > 1, we still say 
. , fc. In this way, we generalize the real-valued function 



When we treat the general 
u G Hp if u l G Hp 1 for I = 1,2, 
space H™ to Revalued function space. And further, we define the norm 



\u\ 



E 



|(1 - A)%u(t,x)\ p dxdt 



HI! 



Hp 2 and H™^ from real- 



By this means, not only can we generalize spaces H p , ^ p 
valued function spaces to any M^-valued ones, but also we can generalize these spaces 
from Revalued to any Hilbert space-valued function spaces. And we do it when we need 
it. 



Remark 2.1. One can check that the spaces H™, H™ 2 and HJJ^ are all Banach spaces 
under the norms || ■ ||e«, || ■ ||h™ 2 , and || ■ Hh™^, respectively. Moreover, for any p G (1, oo) 
and n6 8, H™ is a reflexive Banach space whose dual space is H~,^ and it coincides 



p/(p-i)' 

with the space H"(T) defined in [16] and [15]. On the other hand, for s G 
(1 - A) s/2 



the operator 

maps isometrically H™ to H™~ s and the same is true for spaces Hp, H™ 2 , and 



In particular, as to the spaces H™ and H™ 2 , we have the following lemma whose proof 
is similar to that of [T6l Theorem 3.10]. 



Lemma 2.1. Let p G (l,oo) and n G K.. For g G H" 



; respectively), there exits 



a sequence {gj, j = 1,2...} in H™ fH™ 2 , respectively) such that \\g 
9j\Wp 2 ~ * 0; respectively) as j — >■ oo and 



9j\ 



-+0(\\9- 



where g^ G and rf are stopping times such that t\_ x < r\ < T. 
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For any t £ [0,T), define 



II«IIh*(*) = IM[*,T|||b» for u e l^. 

In the same way, we define || ■ ||h£ 2 (*) in Hp )2 and || • Hm^^t) in Hp,oo- 

For an element u of spaces like H™, if it has a modification of higher regularity, then it 
is always considered to be this modification. However, elements of spaces like H™ belong 
to Hp only for almost all (t,u), not necessarily for all (t,u) £ [0,T] x fi. 



3 Banach space-valued BSDEs 



This section is concerned with Banach space-valued BSDEs. Unless stated otherwise, we 
assume p £ (1, 00) and n £ M throughout this section. For (F, G) £ H™ x L p (f2, if"), 
consider the BSDE 



(3.1) 



-du(t, x) = F(t, x)dt - v k (t, x)dW t k , (t, x) £ [0, T] x R d , 
u{T,x) = G{x), xeR d . 

Or, equivalently 

u(t,x) = G(x)+ J F(s,x)ds-J v k (s,x)dW k , (t, x) £ [0, T] x R d . 

Definition 3.1. Assume that (F, G) £ W p l x & T , H%) with p £ (1, 00) and n £ K. 

We say (w, t>) £ x H™ 2 is a solution of f|37TT) if for any £ and r £ [0, T], we have 

(u(r, •), 0) = (G, 0) + / T (F( S , •), 0) cfe - /Vfo •), 0) dWi, a-s- ( 3 - 2 ) 



Remark 3.1. If (u,v) £ H™ x H™ 2 is a solution to (13. II) . then for any £ H f 



1 1 



E 

<CE 



max I / iv\(j))dWl\ 



t \ 1/2' 

|(«(a,-),0)| 2 d« 



(using the BDG inequality) 

(1 _ A)-"/ 2 0(a;)(l - A)"/ 2 t;(s,a;)da;| 2 rfs 



using Minkowski inequality) 

t \ 1/2 ■ 

<CE I f / |(1- A)-"/ 2 0(x)(l - A)"/ 2 t;( S ,x)| 2 rfs dz 



1/2 



I (1 - A) n / 2 v(s, x)\ 2 ds (1 - A)-"/ 2 0(x) dx 



<C\\v\\ M n 2 \\(j)\\_ niP 



where p' + p = 1. So, the process 



{v l (s,-),<f>)dW l „ te[0,T] 



is a continuous martingale. Note that, throughout the paper, unless stated otherwise, C 
is a positive constant and C(a, (3, ■ ■ ■ , 7) is a constant only depending on a, fl, • • • , and 
7- 

Lemma 3.1. Assume that (F, G) G H™ x J^, J2£) p G (1, 00) and net. VFe 

have 

(i) equation (13.11) /ias a unique solution (u,v) G (H™nH" ro ) x H™ 2 which satisfies the 
following inequality 



M|h£ i00 + ||m||h™ + IM|h£ 2 < c(p,T)[||F|| H n + \\G\\ L P(n^ T)H ^)\- 



(3.3) 



(m^ For this solution, we have u G C([0, T], H£) almost surely, and for any G H p ^ p _^ 
the following equality 



{u(T,-),<f>) = (G,cf>)+ / {F(s,-),<j>)ds- {v l (s,-),<f>)dW ( 



(3.4) 



Zioids /or a// r G [0, T] wift probability 1. 



Proof. First, we prove the uniqueness of the solution. Suppose that (ui,vi) and (u2,v 2 ) 
are two solutions of (13 .ip in H™ x H™ 2 , and take (u, v) = {u\ — u 2 , f 1 — v 2 ). Then, for any 
G C 6 °° and t G [0, T] We have 

(u(t, ■),<!)) = J (v(s,-),(j))dW s , a.s.. 
Then by the theory on BSDEs (c.f. [5j Q31 [20] ) , we have 



E 



(u(t, •), 0) (it 



and £ 



(f(s,-),0) ds 



Tl 



0. 



for any stopping times t% and r 2 , < T\ < r 2 < T. From Lemma I2.1[ it follows that 
(«, f ) = in H™ x H™ 2 - This verifies the uniqueness. 

For the other assertions, it is sufficient to prove the lemma for n = 0. 

Indeed, assume that the lemma is true for n = k with k G K For V<5 G M, if (F, G) G 
HJ+* 5 x LP{yt^ T ,H^ +s ) then (F', (7) G H£ x //(ft, J^,^) with 

F := (1 - A) 5 / 2 F and G' := (1 - A) <5/2 G. 

From the induction assumption, there exists («', v') G H* x Mz 2 , satisfying the following 



I«'IIh* i00 + ||«'||h* 



+ IKIIh*^ < c (p, t ) (II-F'IIh* + \\g'\ 



(3.5) 
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such that for any <fi G H 



p/(p-i) 



the equality 



( M '(r,-),0) = (G , ,0) + y (F'(s,-),<f>)ds- I (v' l (s, -),(f>) dW l „ 
holds for all r G [0, T] with probability 1. Take 



[l-A^V and = (1 - A)"^". 



In view of Remark 12.11 (u,v) G x L P (Q,^ T ,H* +S ). Rewrite the last equality into 

the following 



<(1 - ApG, <P) + J ((1 - A) s / 2 F(s, ■), 0) rfs 
- jT((l - A)'/V( S , •), 0) dW* G H~J^_^ 

which is equivalent to 

(t*(r, ■),(!- A) 5/2 0) =(G, (1 - A) 5 / 2 0) + J\f(s, •), (1 - A) 5 / 2 0) 

(^( s ,-),(l-A) a/2 0)^, 



g#. 



P /(p-i)- 



Hence, for any G H, k ,^ 1 , the equality 



( W (r, •),</>) = (<?,</>)+ / (F(s, ■),(/>) ds- (v l (s,-),<P)dW l 



holds for all r G [0, T] with probability 1. Then (w,t>) solves BSDE ( 13. lft for n = k + 5 
in the sense of Definition 13. 1[ and satisfies the inequality ( 13. 3p with n := k + 5 which is 
exactly the inequality ( 13. 5ft . 

In what follows, we shall use the method of finite-dimensional approximation. 

Since EI™^ C and ||m||h™ < C(T", p) || w||m™ ^ f° r u £ HIp,oo; it remains to prove the 
existence of the solution (u, v) in IHI™^ x H™ 2 , the assertion (ii) and the following estimate 

(3.6) 



IMIh£ i00 + IMIh™ 2 < c(p,T) [\\F\\ M n + \\G\\ L p(n,,^T,H£)j ■ 

It is known (see [12]) that the Banach space L p (M. d ) has a Schauder basis for p G (1, oo). 
Let {ej : i — 1, 2, 3, . . . } be a Schauder basis of L p (lR o! ). Then there exists an M G (0, oo) 
and a unique sequence bounded linear functional a, such that for any h G L p (M. d ), we 
have 



sup 

i>i 



5^oi(/i)t 



i=i 



< Af||/i|| p and lim 



J-5.QO 



ft, — ai{h)e t 



i=i 



0. 



In particular, for convenient discussion, we consider ej(x) to be finite for every x G M. d 
and z = 1, 2, 3, 



S 



By [5], there exist uniquely U k := (U k i, . . . , Ukk) T G ^(M^) and a ^"-measurable 
process := (V^) G L p (fi, L 2 ([0, T], R fe ® m )) which solve the scalar valued BSDE 



-dU ki = F ki dt - V^dWl t G [0, T], 
Uki{T) = Gki, 



(3.7) 



where G fci = a^G) and = ai(F(t, ■)), with i = 1, 2, . . . , k. Denote G k := (GW, . . . , 
and F fc := (F fel , . . . , F fcfc ) r . We have 



(3i 













sup it/ fc (t)r 















\G k \ p 



+ E 



\F k {t)\ p dt 



<c{T,k,p)lE 
and with probability 1 

U k (t) = G k + J F k (s)ds- J V k \s)dW l s , te[0,T). 



(3.9) 



Define 



k k k k 

u k :=^2Ukiei, v k :=^Vfciei, G k := ^G^Ci, and F k := F fci ej. (3.10) 



i=l 



i=l 



8=1 



It is obvious that u k ,v k , and F k are all ^ x i5(R a! )-measurable processes. In view of 
(13.81) . we can check that the pair (u k , v k ) solves the Banach space- valued BSDE (13.11) with 
(F,G) := (F k ,G k ) in the sense of Definition 13.11 Moreover, for any x G Mr, the pair 
(uk(-,x),v(-,x)) solves the scalar valued BSDE 



-du k (t, x) = F k (t, x)dt - v[(t, x)dW\, t G [0, T], 
u k (T,x) = G k (x), 



(3.11) 



and satisfies the following estimate 

£[sup \u k (t,x)\ p ] +E 

t<T 

<c{E[\G k (x)\ p ] +E 



\v k (t,x)\ 2 dt 



T 



\F k (t,x)\ p dt 



(3.12) 



where C = C(T,p) does not depend on k since the constant in the BDG inequality is 
universal and does not depend on the dimension of the range space of the underlying 
local martingale. Integrating both sides of the last inequality on IR d and then applying 
the Fubini theorem, we get the pair {u k , v k ) G Hp jOC x H° 2 satisfies the following inequality 



l Mfc lliH0 iOO + IKIIh£ 2 < c (P)^){l|-^A:||eo + \\G k \\ L v(n,,? T ,H»)}- 



(3.13) 



On the other hand, as \\F k (u,t) - F(u],t)\\ p and \\F k (u,t) - F(u,t)\\ < (M + 
l)||F(a;, t)|| p for (u,t) G Q x [0,T],a.e., by using the dominated convergence theorem we 
have Fk — )■ F strongly in H° as fc — » oo. Similarly, — > G strongly in L P (Q, J^, H®) as 
k — > oo. Hence, there exists (u,v) G Hp )00 x such that it is the strong limit of the 
sequence {(itk,Vk)} in H° i00 x as — )■ oo, and satisfies the estimate (13. 6p . 

Furthermore, in view of (13.91) and (13.101) . we conclude that, for any G L p /tP~ 1 )(R <i ) 
the equality 



Mv)» = (G t i)+ / {F h {s,-),cf>)ds- (v l k (s,-),<f>)dW l s 



holds for all r G [0, T) with probability 1. Since 



<CE 



Uo 



(v l k -v l (s,-),<P)dW l s \dr 



\(v k - v(s, -),(p)\ 2 ds 



1/2 



dr 



r 



<C{T)E 
(using Minkowski inequality) 



2 \ V2" 
\{vk — v){s ) x)4>{x)\dx ] ds 



<C(T)E 



\{v k - v)(s,x)4>(x)\ 2 ds 



1/2 



dx 



<C{T)\\v k - w||eo i2 ll0llp/(p-i) -> as fc -»■ oo, 



(3.14) 



|(wfc(r,-) -m(t, •),<£) |dr 



| (life — m)(s, x)0(a;)|(ix(is 



< 



r||ttfc - uIIhoJMIpAp-i) -> as k 



— >■ oo, 



and 



|(G fc - G, </>)|ds 



JO 



— >• as k — > oo. 



Taking limits in L x (fi x [0,T], x £(R d )), on both sides of the equation <K1M we 
conclude f]3 .41) almost everywhere in [0, T] x £7. 

Since, for any <p G L p /( p_1 )(IR d ), Equation (13.141) holds for all r < T with probability 
1, the process -),<p),t G [0,T]} is continuous (a.s). As 



SUp \\u — Uk\\LP 
0<t<T 



< \\u -MfeHeo -> 0, 



the process {(u(t, •), 0), t G [0, T)} is continuous. This implies that, for any <\> G Lp/Cp -1 ) (R d ) , 
equality ( 13.-4)) holds not only in [0, T] x f2 almost everywhere but also for all r < T almost 
surely. 
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Besides, since u k G C([0, T], L p {R d ))(a.s.) and E sup 0<t<T \\u — u k \\ LP ^d^ — > as k — > 
oo, we have u G C([0, T], L p (M. d ))(a.s.). We complete the proof of the lemma. □ 

Remark 3.2. In view of Lemma I2.1[ we can approximate in H° x L P (Q, Hp) for 
p G (1,2] during the proof (F, G) by a sequence (F k , G k ) belonging to x L 2 (Q, JP T , H%). 
Moreover, we can assume that (F k ,G k )(u,t) is uniformly compactly supported in M. d 
for (u,t) G Q x [0,T] a.e.. After finite-dimension approximation of (F k ,G k ) in El!] x 
L 2 (Q, H2) where a Hilbert basis is a Shauder basis, the rest of our proof goes in a 
standard way (c.f. j5]) for p G (1, 2], while not for p G (2, 00). 

Lemma 3.2. Let (u, v) G x H™ 2 6e a solution of (13. ip /or <?M;en FeHjJ and G = 0. 
T/ien /or any e > 0, t/iere exists a positive constant c = c(p, T, e) < 00 swc/i i/iai 

lkllH« 2 (t) < c(p,T,e)\\u\\Bn(t) +£||F|| H «( t ), te[0,T\. (3.15) 

Remark 3.3. Lemma [3721 yields that for any Ae^x £>(IR d ), there holds 

lkMlH£ 2 (t) < c(p,T,e)||Ml A || e?W +e||FI A || e?W . 

In particular, if A := {(£, u,x) G [0, T] x Q x IR ' : u(t,u,x) = 0}, and as £ is arbitrary, 
then we get ||flU||B[ n 2 (t,T) = which implies 

vl {u=0} = for (u,t,x) G Q x [0,T] x M d ,a.e.. 

Proof of Lemma \3.2[ First consider the case of n = 0. Without loss of generality, we 
assume that the Brownian motion is one- dimensional. 

Consider the approximation sequence {{u k ,v k )} defined in the proof of Lemma 13.1 [ 
For any fixed x G M. d the pair (u k ,v k ) solves the following scalar valued BSDE 

—du k (t, x) = F k (t, x) dt — v k (t, x) dWt, t G [0, T], 
u k (T,x) = 0, 

and satisfies the following inequality (see (13.111) and (I3.12p ). 











p 




E 


sup \u k (t, x)\ p 


+ E 


/ \v k (t,x)\ 2 dt 


2 <C(p,T)E 


[ \F k (t,x)\ p dt 








Jo 




Jo 



For each integer I > 1, define the stopping time 

ti := mf{t G [0,T], / \v(r,x)\ 2 dr > 1} AT. 
Jo 

Using Ito's formula, we have 

rn rn 
\uk(v> x )\ 2 + \v k (r,x)\ 2 dr =\u k (r h x)\ 2 + 2 / u k (r,x)F k (r,x)dr 

J r] J r] 

rn 

—2 / u k (r,x)v k (r,x)dW r ,a.s. 

Jr) 
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for any stopping time rj < T\. Therefore, 



\ P/2 

|i>fc(r, x)\ 2 dr \ 



<c(p) ( sup \u k (t,x)\ p + 

*e[r;,T] 



|ufe(r,a;)F fc (r,x)|dr 
Noting by the BDG inequality that 



nP/2 




+ 









x)v k (r, x)dW r 



p/2 N 



Ufe(r,x)f fc (r,a;)dW r 



p/2" 








< Ci(p)E 


[a 









< ci(p)E 



\ P/4' 

|w fc (r,a;)f fe (r,a;)| 2 (ir 



sup |w fc (t,:r)| p/2 ( / |v fe (r,x)| 2 <ir 

*6[»7,T] 



p/4' 



we have 



\p/2' 

\v k (r, x)\ 2 dr\ 



<c{p)E 
<c{p)E 



sup |w fc (t,:r)| p + / \u k (r,x)F k (r,x)\dr) + \ / u fc (r, x)v k (r, x)dW r \ 

e[v,T\ \J V J Jr, 

sup \u k {t,x)\ p + ( / |« fc (r,x)F fc (r,a;)|dr 

sup \u k {t,x)\ p ' 2 ( ( \v k (r,x)\ 2 dr 



<c{p)E 



te[ v ,T] 
+ c 1 (p)E 

te[ v ,T] 

sup K(t,x)| p +( / \u k {r,x)F k (r,x)\dr 

t€[r),T] \Jr, 
T \ P/2' 

\v k (r, x)\ 2 dr 



and, for each I > 1 and Vei > 0, there is c = c(p, e±, T) > such that 



r ; \ P/2 

|v fe (r,a;)| 2 dr J 



< c(p)E 

< c(p)E 



sup |w fe (t,:r)| p + ( / \u k (r,x)F k (r,x)\dr) 



P/2' 



te[r?,T] 

sup a;)| p + sup \u k (t, x)\ p l 2 

te[v,T] te[ v ,T] 

T 



T \ P/2' 

\F k (r,x)\dr 



<c(p,e 1: T)E[ sup \u k (t,x)\ p ] + e,E 

te[r,,T] 



\F k (r,x)\ p dr 
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So, letting / — > oo and using Fatou's lemma, we have 



E 



T \ P/ 2 ' 

\v k (r,x)\ 2 dr 



<c{p,e u T)E[ sup \u k {t,x)\ p ] +e x E 



\F k {r,x)\ p dr 



(3.16) 



for any stopping time f] G [0,T], and in particular for any deterministic rj G [0,T]. 
On the other hand, using Corollary 2.3 of Briand et al. [5], we have almost surely 



\u k (t,x)\ p + co{p) I \u k (s,x)\ p \ Uk (s,x)^o}\v k (s,x)\' 2 ds 



< / \u k (s,x)\ 



\F k (s,x)\ds - p J \u k (s,x)\ p 2 u k (s,x)v k (s,x) dW s , t e [0,T] 

where c (p) = p[(p — 1) A l]/2. 

As (u k ,v k ) G H° j00 x H° j2 , from the preceding inequality, we have almost surely 

J \u k (s, x)\ p ~\ Uk{s , x )^o}\v k (s, x)\ 2 ds < oo, t G [0,T], 

and further, 



(3.17) 



c (p)E 



\u k (s, x) \ p 2 l{u k (s,x)^o} \vk(s, x)\ 2 ds 



<E 



\u k (s,x)\ p \F k (s,x)\ds 



(3.18) 



te[0,T}. 
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From ( I3.17P and (13.181) . using the BDG inequality we have 



< E 



< E 



< E 



se[t,T] 


r r 




I 


\uk(s, 






+ E 


sup 




re[t,T\ 






If 


\uk(s, 












\uk(s, 



IP- 1 1 



+ E 



\u k (s,x)\ p u k (s,x)v k (s,x)dW s \ 



\u k (s,x)\ p 1 \F k (s,x)\ds 
\u k (s, x)| p_1 |F fc (s, x)\ds 



+ c{p)E 



T \ 1/2' 



(\u k (s,x)\ p 1 |uj fe (s,a;)|) 2 ds 



+ c(p)£ 



sup |u fc (s,x)| p/2 ( / |u fc (s,x)| p 2 I{ Uk (s,x)^o}\vk{s,x)\ 2 ds ) 
ae[t,T\ \Jt 



1/2- 



< E 



\u k (s,x)\ p l \F k (s,x)\ds 



+ -E[ sup \u k (s,x)\ p ] 



' se[t,T] 



2 



\u k (s, x) \ p 2 I{ Uk (s,x)^o} \vk(s, x)\ 2 ds 



ut 



< c'(p)E 



\u k (s,x)\ p \F k (s,x)\ds 



-E[ sup \u k (s,x)\ p ]. 



se[t,T] 



Thus, for any e 2 > 0, we have 



\u k (s,x)\ p \F k (s,x)\ds 



E[ sup \u k {s,x)\ p ] <2c'(p)E 
se[t,T] 

cT i r fT 



<c(p,e 2 )E 



\u k (s,x)\ p ds 



+ e 2 E 



\F k (s,x)\ p ds 



(3.19) 



Combining the lat inequality with (I3.16p . and letting E\ and e 2 be small enough such that 
e 2 c(p, £i, T) + ei < e, we get 



E 













yj \v k (r,x)\ 2 dr^j 


< CE 


J \u k (s,x)\ p ds 


+ eE 


J T \F k {s,x)\ p ds 













. (3.20) 



Here the constant C = C(p,T,e) is independent of k. 

Now, integrating on ~R d both sides of the preceding inequality and letting k — > oo 
, we get (13 . 151) for n — 0. The general case can be proved by induction. The proof is 
complete. □ 

Remark 3.4. The arguments in the proof of Lemma [3.21 are more or less standard (see 
pages 115-118 of 0). 
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4 A stochastic Banach Space 



In this section we shall define a stochastic Banach space which will play a crucial role in 
LP theory of BSPDEs. 



Definition 4.1. For n G R, p G (1, oo) and a ^'-valued function u G H™, we say u G J^" 

if «*, G U;- 2 jU (T } -) G LP$l,& T ,B n Pi 
that, V0 G C^°, the following equality 



if u xx G H"- 2 ,w(T,-) G L p (tt,^ T ,Bp/ /p ), and there exists G e™~ 2 x H™" 1 such 



(u(t, •),</>) = 



(T,-),0)+ / (F(s,.),^)ds- V / 
./t r=1 Jt 



(v k (s,-), ( p)dW ! 



k 

s i 



(4.1) 



holds for all t < T with probability 1. 

Define J^™ := n {u : m(T, •) = 0}, and for u G ^ 



I '"^ 1 1 H™" 2 



+ H-Flljjn-2 + llfx.Hjjn-2 + (£'||?l(T 



n-2/p\ 



-2/p 



(4.2) 



is continuously embedded into L P (Q, JP T , H, 



Remark 4.1. Note that L P (Q, B\ 
If KGJf;, it follows from Lemma O that w G H™^ 2 , w G H^ 2 , and 



sup \\u(t, 

t<T 



1/p 



+ ||dLn-2 < ||M|Ln-2 + ||t>| 



<c(p,T)(||F|| er 2 + ||n(T,-)|| 
<c(p,T)(\\F\\ K -* + \\u(T,.)\\ 



Lv(n,& T ,H™- 2 ) 



Lp(n,^ T ,B^ 2/p ) I ■ 



Remark 4.2. From Remarks 14.11 and 13.11 the fact that u G J^ 1 implies, in some sense 
{u(t, x)}o< t <T is a semi-martingale of drift F(t, x) < t <T and diffusion v(t, x) < t <T- Further, 
by Lemma 12.11 and the estimates in Remark I4.1[ Doob-Meyer decomposition theorem 
implies the uniqueness of {F,v). Therefore, the norm (14.21) is well defined. Without 
confusions, we shall always say that F and v are the drift term and diffusion term of u 
respectively. In the following, we denote the diffusion term v of u by Dm. 

On the other hand, it is worth noting that the elements of ffl™ are assumed to be 
defined for all (u, t) and take values in 3l\ and that 3^ v n is a normed linear space in which 
we identify two elements U\ and if \\ux — u<i\w™ = 0. In view of Definition 14.11 for any 
p, q G (1, oo) and n, r G R, if u G and \\u\\^>r < oo, one can check that u G and 



that, in particular, 



implies 



0. 



Theorem 4.1. The spaces J^ 1 and equipped with norm (14.21) are Banach spaces. 
Moreover, we have 



MIh« < C(p,T)\\u\\j&, E 



sup \\u(t, .)||^n- 



t<T 



<C(p,T)\\u\ 



v 



(4.3) 
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Proof. The second inequality of (14. 3 p is given in Remark 14.11 Since 
IMIh™ = 11(1 - A)u|| H n-2 < ||w|| H n-2 + \\u\\, %p n 

V t<T n p J p 

we have the first inequality of (14. 3p . 

It remains for us to show the completeness of Jff™. Let {uj} be a Cauchy sequence in 
Jif™. Then it is also a Cauchy sequence in H™, and there exists u G H™ such that 

lim || w - Uj\\m = 0. 
Furthermore, {uj XX } is a Cauchy sequence in HI™ -2 and 

lllll U^ja^ t^xx 1 1 ]HI n ~^ ~~ 0* 

For Uj(T), Fj, and the corresponding Uj , there exist u{T) G L P {Q, # T , Bp~ 2/p ) C L p (fi, # T , #™ 
and F G H™" 2 such that 

lim \\u{T) - u,(T)\\ LP(n ^ T ^- 2/P) = 0, lim ||u(T) - %(T)|| i!)( ^ Ti ^- 2) = 0, 

and 

lim \\F-FjW Hr2 =0. 

Let be the diffusion term of Uj. Using the argument from Remark 14.11 we conclude that 
there is v G B.^ 1 n W p ~ 2 2 such that 

lim \\v x — {vj) x \\u n - 2 = an d li m 11^ — t, ille' l ~ 2 = 0- 

j— >oo p j—^oo p. 2 

Since for any (f> G the equality 

K(t,-),0) = K-(T,-),0)+ [ T (F J (s,-),<j ) )ds-jr [ T (v*(s r )^)dW* (4.4) 

^* r=1 Jt 

holds for all t < T with probability 1, by taking on both sides limits in -^ 1 ([0, T] x Q, J^r x 
i3(IR d )), we show that for any G equality (14.11) holds in [0, T] x Q almost everywhere. 
Furthermore, (14.31) implies that for u (at least for a modification of u), we have 

lim £"sup \\u(t, •) - Uj(t, -)|| p 2 = 0. 

j— >oo t<T v 

Since the processes {(uj(t, •),(/>), t G [0,T]},j = 1,2, dots are all continuous, it follows 
that {(u(t, ■),(/)), t G [0,T]} is continuous. Therefore, for any (f> G C^°, equality (14.31) not 
only holds in [0, T] x Q almost everywhere but also for all r < T almost surely. Hence, 
u G J^ 1 and Uj converges to u in Jff™. So, ffl™ is a Banach space. 

Similarly, we can check the completeness of ^, n . The proof is complete. □ 
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Remark 4.3. The estimate (14. 3 p can be verified for uIut], t G [0, T). Especially, we have 

E sup \\u(s,-)f 2 < C(p,T)\\u\\ p ^ n() 

with := ||Ml( t ,T]||j^«- 

Now, we show an embedding result about the stochastic Banach space JifJ 1 . 

Proposition 4.2. For u G MT" and v = Oit ; the following assertions hold: 

(i) If /3 :=n-d/p> 0, then (u,v) G L p ((0,T],^, 
satisfying 



! )) x LP((0,T],^ , ,C^- 1 (M ti )) 



E 



< C(n, d,p)||u||jL < C(T,n,d,p)\\u\\l 



where C^(IR d ) zs the Zygmund space which is different from the ordinary Holder spaces 
C^(R ) only if (3 is an integer. In particular, if p G (1,2], we also have 



E 



\ V (t-> ') llc^ _1 (R <i ) ^ 



< C(T,n, d,p)\\u\\j^ 



(m,) If n > I and n — d/p = I — d/q, then 



E 



\u(t,.)\\ldt 



< C(l,n, d,p)|M|jL < C(T, Z,n, d,p)||w||^„. 



In particular, if p G (1,2], we a/so have 



E 



Ht,-)\\Udt 



< C(T, /, n, d,p)||u||^„ 



(Hi) If q > p and 9 G (0, 1), i/ien /or 



n > / - - + - + 2 1 - 9 , 
q p 



we have u G L p/e ((0, T], if') (a.s.) and 



E 



\u(t,-) \\%dt 



< C(T,n,l,q,d,p,6)\\u\ 



In particular, if 



A ^, , d t 2q-2p-d 

q > p and n > I H 1 , 

p q 



by taking 9 = pq 1 , we have 



E 



\u(t,-)\\Ldt 



p/g 



< C(T,n, l,q, 
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Proof. By Lemma 13.11 and Theorem I4.1[ the assertions (i) and (ii) are straightforward in 
view of the classical Sobolev embedding theorems, which say that under conditions in (i) 
and (ii), we have H™ C C /3 (M d ) and H™ C H l q , respectively. On the other hand, from the 
Sobolev embedding theorems, we get 

\\j\ q < C(l,d,q,p)\\f\\ l+d/p ^ /q!P < C(l,d,q,p,e)\\f\fc\ p \\f\\^ , 

where n' := I + d/p — d/q + 2(1 — 9) < n. Hence, 




The last inequality is derived from Theorem 14.11 and C = C(T,n,l,q,d,p,6). The proof 
is complete. □ 



5 L p solution of BSPDEs 

5.1 Assumptions and the notion of the solution to BSPDEs 

Let B(JBL d ) be the Banach spaces of bounded continuous functions on M d , C^ n ^ 1 ' 1 (M d ) the 
Banach space of |n| — 1 times continuously differentiate functions with the (|n| — l)th 
derivatives satisfying the Lipschitz condition on J3L d , and C' n ' +7 (lR d ) the usual Holder 
space. The space B^ +1 of Krylov [16] is defined as follows. 

( B{R d ) if n = 0, 

S H+7 = J c<|n|-i,i( R rf) if ra = ±1,±2,..., 

{ C^ + ^(R d ) otherwise. 

Here, n G (—00,00), and 7 G [0,1) is fixed such that 7 = if n is an integer; 7 > 
otherwise is so small that \n\ +7 is not an integer. 
Consider the following semi-linear BSPDE: 

-du(t,x) =[a lj (t,x)u xtx j(t 1 x) + o- %k {t,x)v k xl {t } x) + F(u,v,t,x)] dt 

- v l (t, x)dW l t , (t, ar) G [0, T] x R d ; (5.1) 
u{T,x) = G{x), x G M. d . 

Here and in the following, denote 

d 2 d k d k 
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u x :— Vu — (u x i, . . . ,u x d), u xx '.— (u x i x j)i<ij<d, 

and 

1 m 

a ij := 

2 ^ 

k=l 

Assumption 5.1. (super -par aholicity) There exists a positive constant A such that 

[^(t,x)-a^(t,x)}ee>m 2 (5.2) 

holds almost surely for all x, £ G M. d and t G [0, T]. 

Assumption 5.2. There exists an increasing function k : [0, oo) — > [0, oo) such that 
k(s) I as s I and 

d dm 
i , j = 1 t=l fc=l 

holds almost surely for all (t,x,y) G [0,T] x R d x R d . 

Assumption 5.3. The functions a^(t, x) and a lh (t, x) are real- valued ^xi3(lR d )-measurable, 
such that 

a ij (t,-),a ik (t,-) G B^+\ and \\a ij (t, -)\\ bH+ , + \\a ik (t, •)|| s h +7 < A, (5.4) 
almost surely for z, j = 1, . . . , d, k = 1, . . . , m, and t G [0, T]. 



Assumption 5.4. F(0, 0, •, •) G H™. For (u,<u) G #™+ 2 x F(u,v,t,-) is an .f/^- 

valued ^-measurable process such that there is a continuous and decreasing function 
g : (0, oo) — > [0, oo) such that for any e > 0, we have 

\\F(ut,Vi,t, ■) - F(u 2 ,v 2 ,t, OIU.p 

<£(||«1 - M 2 ||„+2,p + \\Vi - V 2 \\ n +l,p) + POOGK ~ «2||n,p + ||f 1 ~ V 2 \\n,p), (5.5) 

«i,U2 e H; +2 and f i , f 2 G 
holds for any (t, u) G [0, T] x £1 

Remark 5.1. Assumption 15.41 implies that F(u, v, t, x) is Lipchitz continuous with respect 
to (it, v) G H™ +2 x H£ +1 in for any (t, u) G (0, T] x fi, that is there is C > such that 

\\F(u u vi, t, •) - F(u 2 , v 2 , t, •) \\ n>p 
<C(||ui - u 2 \\ n+2jP + \\v! - v 2 \\ n+ i iP ),ui,u 2 G H™ +2 and v u v 2 G 

It also implies that F does not depend on u and v if £> = 0. 
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Definition 5.1. We call u G ^ p n+2 a solution of BSPDE flETJ if for any G C 6 °°, the 
equality 



T 



(«(r, •), 0) = (G, 0) + / (a«(t, -)u xix i(t, •) + a ife (t, •)(»«)**(*> •) + F(u, Bu, t, •), 0) dt 

((Bu) l (t, -),0) dWj, 



(5.6) 

holds for all r G [0, T] with probability 1. As usual, we also call (u, Dm) a solution pair of 
BSPDE (15TTD . 



Remark 5.2. Assume that (u, v) belongs to i" +2 xi" +1 with u(T, •) G L p (fi, J^, B 



n+2-2/px 



p.p 



and further that the equality 

-T 



{u(t, •), 0) =(G, 0) + / {aV(t, -)u x , xJ (t, •) + a ik (t, -)v k xi (t, •) + v, t, •), 0) tft 



T 



(5.7) 



(^(t,-),0)dW t z , V(t,0)G[O,T)xC 6 c 



holds with probability 1. Then by Lemma l3TTj u has a modification, still denoted by itself, 
such that the pair (u,v) G x H™ 2 solves the Banach space- valued BSDE (13.11) with 
F(t, •) := a»(t, -)u xixj [t, •) + a ik (t, •)«*,(*, •) + F(u(t, -),v(t, -),t,-),te [0, T], belonging to 
M™ +2 . Hence, by Lemma O for any G C c °°, (EZD holds for all r G [0, T] with probability 



1. Hence u G 



Note that Definition 15.11 includes as a particular case the notion of strong solution to 
deterministic parabolic PDEs. For example, consider the particular case: 

U{1 ) = Ut- 

By reversing the time, we have the following proposition (see |19j). 

Proposition 5.1. For any f G L p ([0,T] x M. d ), and ut G Bp~^ p with p G (l,oo), there 
exists a unique solution u G Wp ,2 (T) to Equation (15 .8p with terminal data u(T) = ut- In 
addition, 

NlwrM < C(rf,p,T)(||/|| LP((0iT)xRd) + ||n T || B 2- 2 / P ), (5.9) 

where 

IMIwp 1 ' 2 := \\ U xx\\LP((0,T)xR d ) + ||Wz||LP((0,T)xR d ) + IM|,LP((0,T)xR d ) + \\ u t |Up((0,T)xR d ) • 

In Proposition EIH the sapce Wp' 2 can be replaced with J^ 2 in an equivalent way. This 
fact also explains why the Besov space B™ is used for the terminal value in Definition 

ED 
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5.2 The case of space- invariant leading coefficients 

Consider the following BSPDE 

-du(t,x) = [a ij (t)u x > xJ (t,x) + a ik (t)v^(t,x) + F(t,x)]dt 

- v l (t, x) dWl (t, x) G [0, T] x R d ; (5.10) 
u(T,x) = G(x), xeR d 

where (F, G) 6 iJJ x L P (Q, & T , #™ +1 ), with p G (1, 2] and net. 

Theorem 5.2. Assume that the coefficients a u and a tl i,j = 1, . . . , d, I = 1, . . . , m, are 
-measurable real-valued functions which are defined on Q x [0, T] and bounded by a 
positive constant A, and also that they satisfy the super -par abolicity condition \5 . 1\ Take 
(F, G) G H™ x L p (tt,^ T ,H™ +1 ),p g (1,2], Ti G E. T/ien, we have 

(i) BSPDE (15.101) has a unique solution u G J^ n+2 and for this solution, we have 



\U\\ + 2 



< C(T,n,d,p,\,A) (\\G\\ LP ^ T;H n+i^ + ||F||h™J ; 
(ii) we have u G C([0, T], iJ") almost surely and 

1«IIh5_ + llDw|| H ? 2 < C(T,n,d,p,X,A) (\\F\\ m? + \\G\\ LP{n ^ TtH n+i 



(Hi) in particular, for the case G = 0, there is a constant C(d,p, A, A) which does not 
depend on T, such that 

\\uxx\\m$ + \\(Pu)x\\b» <G(d,p,X,A) \\F\\ M n,\\u\\^n+2 < C(d,p, A, A) ||F|| H n. 

In view of Lemma 13.11 and Remark 15.21 the assertions for p = 2 can be deduced from 
[7J CD], [26], while Theorem 15.21 for p G (1,2) seems to be new. The proof of Theorem 15.21 
will appeal to a harmonic analysis result which is due to Krylov [HI Theorem 2.1]. 

Lemma 5.3. Let H be a Hilbert space, p G [2,oo), — oo < a < b < oo, g G L p ((a,b) x 
R d ,H). Then 

f [[ \VT t ^ s g(s,-)(x)\ 2 H ds] p/2 dtdx <C(d,p) [ [ \g(t,x)\ p H dtdx (5.11) 
where T t := e At , t > 0, is the semigroup corresponding to the heat equation % = Au in 



Remark 5.3. The assertion of Lemma [5.31 is not true for p < 2. 

We have the following more general version. 

Proposition 5.4. Let a lJ (t) satisfy the strong ellipticity condition, i.e. there exit two 
positive constants Ai and A\ such that 

Ai|£| 2 >aWe> Ai|e| 2 (5-12) 
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holds for all £ G M. d ,t > with probability 1. Assume that g G H™ wrai/i p G [2, oo) and 
n£l T/ien, tfie SPDE 



di](t,x) = a ij (t)r] x i x3 (t,x)dt + g l (t,x)dWj:, (t,x) G [0,T] x 
r?(0,x) = 0, i£< 



(5.13) 



/ias a unique solution rj G H™ + such that for any (p G , the equality 

(r / (r,-),0)= [ T (a i i(t)r ]xixj (t,-), ( f>)dt+ l\g%-),<j>)dWl (5.14) 
Jo Jo 

holds for all r G (0, T] with probability 1, and there holds the following estimate 

IM|h» < C(d,p, Ai, Ai)||5f|| H «. (5.15) 

Proof. In view of [THl Theorem 4.10], SPDE (I5.13P has a unique solution. It remains to 
prove the estimate (I5.15p . It is sufficient to prove the estimate for n = 0, and other cases 
can be proved by induction. 

We follow a standard procedure which is due to Krylov (for instance, see [HI Theorem 
4.10 pp. 205-206]). 

First, for the model case a := (ar/)i<ij<d = I, it can be checked that 



r](t,x)= / T t - r g l (r, x) dW l T a.s., 
Jo 



and thus, 

-t 



rj x (t,x) = I WT t _ r g\r,x)dW l r a.s. 
the 

From Lemma [5.31 we get 



where T t := e At , t > 0, is the semigroup corresponding to the heat equation % = Au in 

TO>d 



MIh° = £ 



M d JO 



dtdx 



VT t _ r g\s,x)dW l s 

< C{p)E [ f [f \VT t ^ s g(s, .)(x)\ 2 ds] p/2 dtdx 

JR d JO Jo 

< C(d,p)\\g\\ m o. 

For the general case, we can take a > I, otherwise we take a nonrandom time change. Take 
a(t) = cr*(t) > as a solution of the matrix equation a 2 {t) + 21 = 2a. Furthermore, we 
also assume that there is a d-dimensional Wiener process (B t )t>o independent of {^t)o<T- 
Then, like the model case, the equation 

d((t,x) = A((t,x)dt + g l (t,x- f a(s) dB s ) dW l t , 

Jo 

with the zero initial condition has a unique solution ( G i|J satisfying (I5.14p and (15.151) . 
Note that the predictable a-algebra is replaced by cr-algebra generated by J^t V 
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&{Bs] s <t) here. In particular, as our norms are all translation invariant with respect to 
the space variable, we have 

HCxIIho < C(d,p)\\g\\ M o. 

The application of Ito-Wentzell formula (c.f [TTJ ) shows that the field Y(t, x) := ((t,x + 
j t Q a(s)dB s ), (t,x) G [0,7] x R d solves the SPDE 

dY(t,x) = a ij (t)Y x > xJ (t,x)dt + g l (t,x)dWl + Y xl (t } x)a ij (t)dB{, Y(0,x) = 0. 

For any <fi G and t > 0, 

(r ] (t,-),<f ) ) = E{(Y(t,-),<p)\^ t \=E[(at,-+ [ a(s)dB t ),<f>)\& t ] a.s.. 

Jo 

Therefore, 

= / a( S )d5 s ),0)|J^] a.s.. 

./o 

As (7^° is separable and dense in Hp/(p-i), it follows that 

\\ Vx (trW H o<E[\\C x (t r )\\ P HO J^ a.S.. 

Hence, 

||%||h° < IICcIIbo < C(d,p)\\g\\ u o. 
By considering the possible nonrandom time change, we get (15.151) for n = 0. □ 

Proof of Theorem \5.2[ Without loss of generality, assume that m = 1. Step 1. We use 
the duality method and Proposition 15.151 to prove assertion (i). 
Consider the following SPDE: 

dr)(t,x) =[a v (t)r) x i x i(t,x) + f(t,x))dt 

+ [-a l (t)ri x i(t,x) +g(t,x)]dW t , (t,x) G [0,T] x R d , (5.16) 
r/(0,x) = 0, i6K d , 

where (/, g) G (H 2 n ~ 2 n e p , n ~ 2 ) x (H 2 n lHI p , n_1 ), and 1/p + 1/p' = 1. 

Then it follows form [161 Theorem 4.10] that SPDE (15.161) has a unique solution 
u G H~ n which satisfies 

II^IIh-" < C(7,d,q,\,A) ^||/|| H -„_2 + |b|| H -»-iJ , 

II^IIh-"- 2 < c ( d , A, A) (||/|| H -»-2 + IMU-™- 1 ) > (5.17) 

£ sup ll^Ollflr-- 1 < C(T,d,q,X,A) (||/|| H -u-2 + |b|| H -»-i) 
te[o,T] v 7 

where q = 2 or p'. For the moment, assume that 

(f, G) g (Hp n H2) x (L p (n, &r, h; +1 ) n L 2 (n, & T , # 2 " +1 )). 
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For p = 2 BSPDE floTTOl has a unique pair (u, v) G H™ +2 x U™ +1 such that (see [26] 
IMU^ + IMIe^ < C(T,d, A, A)[||F|| H n + ||G|| 
and for any ^6(7™ and r G [0, T] 

(u(t, -),0) =(G,0) + I {a ij {t)u xixi {t, •) + ^(fKift •) + F(t, -),<j>)dt 

Jt (5.1* 



T 

■),0)dW t , a.s.. 

Furthermore, keeping in mind the existence of (u, v) G H^ 2 x H^ 4 " , we conclude that (at 
least for a modification of u) for any G C£°, the equality (I5.18P holds for all r G [0, T] 
with probability 1. From Remark I5.2[ we have u G J^ n+2 . 
The parallelogram rule yields the following 

/ * \ n+1 . . ... . . n+1 , . 

(1 - A)~u(i,x)(l - Ay—r)(t,x)dx 
1 {||(1 - A)^tt(t, •) + (!" A)"^*, + 



4 

||(1 - A)^u(t, ■) - (1 - A)-^r,(t, -)\\*} 



Applying Ito's formula to compute the square of the norm (see [HI Theorem 3.1]), we get 

E [ {u{t,-)J{t,-)) + (v{t,-),g(t,-))dt 
Jo 

= (G, V (T,-)) + E [ (F(t,-), V (t,-))dt 
Jo 

< \\ G \\LP{n,^ T ,H^+ 1 )\\'n{T)\\Lv'{n,^ T ,H- n - 1 ) + II-FIIh^IMIet," 



< (\\ G \\Lp(n^ T ,HZ +1 ) + ll i71 ||H")(h(T)|| LP / (n ^ T ^-n-i ) + 
<C(T,A,A,a',p)(||G|| LP( ^ T ^ +1) + ||F||e.O(ll/ll HT - + 



— n— 1 
p' p' 



Note that (F, G) G (H™ n Hj) x (L p (fi, #£ +1 ) n L 2 (Q, H™ +1 )). 

For (F, G) G H™ x L p (tt, 3? T , H£ +1 ), we choose a sequence (F fc ,G fc ) G (H™ fl H£) x 
(L p (n, & T , H£ +1 ) n L 2 (fi, J? T , # 2 " +1 )), fc = 1, 2, . . . , ., such that 

\\F k - F||,,n + \\G k - G\\ LP{n ^ T>H n +l) -+ as k -+ oo. (5.19) 

Denote by (w fc , v k ) the unique solution pair to BSPDE floTTOj) for (F, G) := (F fc , G fe ). Thus, 

E [ T (u k (t,-)J(t,-)) + (v k (t,-),g(t r ))dt 



(G k lV (T r )) + E I (F k (t r ) }V (t,-))dt 
Jo 

C(T,d,p,X,A)(\\G k \\ LP(Q ^ H n +l) + ||Fi H n)(|U|| v - 2 + |M| H -»-i). 
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where C(T, d, p, A, A) is independent of k. Noting that H^" 2 nH","" 2 and H 2 nH"^ 1 
are dense in M.~, n ~ 2 and H"™" 1 respectively, and that (/, g) G (H 2 n ~ 2 HH p ,™~ 2 ) x (H 2 n_1 n 
H~, n_1 ) is arbitrary, from the last inequality, we have 



up P 



ll Mfc |lH™+ 2 + II u *IIbe +1 ^ C(T,d,p,\, A) II^IIh™ + H^lliPfn^fc^+ii • (5.20) 
Moreover, 



1 1 



= IhLlIn^ + Ha^u^j + a l v k , + -F fc || H n + H^Hh™ + W^W L p(n,,^ T ,B^+ 2 - 2/p ) 



< C(n,d,p, A,A)[||<J| H n + ||i; fc || e?+ i + ||F fe || H n + ||G fc| 



\LP(n,,^ T ,H™ +1 ) 



< C(n,d,p,X,A)[\\u k \\ m n+2 + \\v k \\ m n+i + ||F fc || H « + \\G k \\LP(u,^ T ,Hp +1 )\ 
<C{T,n,d,p,X,A)[\\F k \\ m n + \\G k \\ 

and this combined with u k G Jif 2 n+2 , implies u k G J% n+2 for k = 1, 2, 3, ... . 

From (I5.19p . (15.201) and the last inequality, it follows that u k is a Cauchy sequence in 
^n+2_ By Theorem SH there exists u G ^ n+2 such that || u fe — till — )■ 0, as — >■ oo, 



p 

and there holds the following estimate 



, +2 <C(T,n,j?,d J A,A)[||G|| LP(ni ^ rifl?+ i ) + H^l 



Denote v := Dm. It is obvious that \\v k — f|| H n+i — > 0, as A; — >■ oo. In view of Remark 14.11 
one can check that v G H™ +1 n H™ 2 . By taking limits one can check that u G Jffl l+2 is a 
solution of BSPDE (jSHUJ). 

Now we prove the uniqueness of the solution. Suppose that F = 0, G = and 
m G J^,™ +2 solving BSPDE (I5.10p . It is sufficient to show u = 0, which is immediate from 
the last estimate with F = and G = 0. 

Step 2. We prove assertion (ii). 

Note that L P (Q, J^t, H™ +1 ) is continuously embedded into L P (Q, J^y, i?™). From Lemma 
I3TT1 it follows that w G H™ i00 ,t; G H™ 2 , and u G C([0, T], if") almost surely. In fact, in 
view of Lemma 13.11 and Theorem I4.1[ we have 

IMIh£ j00 + IMIh£ 2 

< C(T,p) (>''•'«,.,,. + a tk v k > + F|| H « + ||G|| 

<C(T,p, A, A) ^||mxx||h™ + H^llm™ + ll^lle™ + ||G|Up(fi,j? T ,.Hj')J 

<C(T,P, A, A) ^||M||^n + 2 + ||F|| H n + \\G\\ L v(p„,? T ,H™) 

<C(T,n,d,p,\,A)(\\F\\ M n + \\G\\ 
Step 3. We prove assertion (iii) using the duality method. 
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Consider G = 0. For (/, g) G (H~, n n H~ n ) x (H p , rt+1 n H 2 n+1 ), the Hessian r) xx of the 
corresponding solution solves SPDE (15.161) with (/, g) being replaced with (f xx ,g xx )- For 
the SPDE with (/,<?), we have the following analogue to (15 . 1 7j) : 

IhxxlU-" < C(d,p, A, A) (\\f\\ w -n + ||p|| H -n+i) . 

p \ p p / 

Furthermore, proceeding identically as in the proof of assertion (i), we have 

E / (u x i x j(t,-),f(t,-)) + (v x i xj (t,-),g(t,-))dt 
Jo 

=E / (u(t,-),f x i x i(t,-)) + (v(t,-),g x i x j(t,-))dt 
Jo 

=E [ {F{t,-), Vx i xj {t,-))dt 



< 11-^11 h* I l^a 

<C(X,A,d,p)\\F\\m(\\f\\ m - n + \\g\\ H -n+i), for i,j = l,...,d. 

Hence, by the arbitrariness of (/, g) and the denseness of (H"," nH 2 n ) x (i p , n+1 nH 2 n+1 ) 
in Hp," x e;, n+1 it follows that 

IkssllHS + IKsllnjr 1 < C(d,p,X,A) \\F\\ M n. (5.21) 

On the other hand, let C(t, sc) := u(t,x + f Q a(s)dW s ). Applying the Ito-Wentzell 
formula (cf. p2]), we have 



-dC(t,x) =[(a lj (t) -a ij (t))((t,x) x i xj +F(t,x+ / a(s)dW 8 )]dt 

Jo 

rt (5 22) 

-[a l (At,x)+v{t,x+ a(s)dW s )]dW t , (t, x) G [0, T] x R d ; v ' ; 

Jo 

{ ((T,x) =0, x G R d . 

We consider the dual SPDE 

di>(t,x) ={a ij {t)-a i3 {t))t(j x ^{t,x)dt + h{t,x)dW t , (t,x) G [0,T] x R d ; 
if>(0,x) = 0, x G R d [ ' } 

where h G M.~, n flH^ ™, 1/p' + l/p = 1. In view of Proposition 15.41 we conclude that SPDE 
(I5.23P has a unique solution ip G H""," - " 1 " 1 satisfying 

II^IIh-" < C(d, p, A, A)||/i|| H -». 
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Moreover, we have 



E (o'^r,, ■{'■■) ■ '•., (/•• • / a(s)dW s ),h{t,-))dt 
Jo Jo 

= E [ (aXAt,-) + v(t,-+ [ a(s)dW s ),h x i(t,-))dt 



= E [ T (^(t,-),F(t,-+ f a{s)dW s ))dt ( 5 ' 24 ) 
Jo Jo 

< ||^|| Hr ||F(.,.+ f a(s) dW s (-))\\ B n 

v Jo 

< C(d,p, A, A)||/i|| H -„||F|| H n for j = l,...,d. 

p' v 

Since h is arbitrary and M~, n fl is dense in H~, n , we have 

lk i C^(-,-)+^(->-+ / o-(s)dW s )|| H n < C(d,p,A,A)||F|| H n, 

•/ o 

which yields 

\\a l u x i x + v x \\ M n < C(d,p,X,A)\\F\\ M n. 

Therefore, 

II^IIh™ < ||o- 1 m^x||h« + \\<r*u x i x + v x \\w% < C(d,p,X,A)\\F\\- E n, (5.25) 

which, combined with (15.211) . implies the assertion (iii). 

The proof is complete. □ 

Remark 5.4. If the assumptions of Theorem 15.21 are satisfied for both qi and q2 instead 
of p, where qi,q2 G (1,2], then the solutions in J4? q ™ +2 and J^ +2 coincide. Indeed, we 
need only to take (F fc , G k ) G (H™ n H£ n H™ ) x (L qi (fi, n L 2 (fi, #™ +1 ) n 

L q2 (fl, <^t, H^ 1 )) during the proof of Theorem 15.21 Then the approximating solutions 
in Jif^ 2 and JF£ +2 coincide in Jtf> 2 n+2 . This implies the solutions to (15301) in ^™+ 2 and 
coincide. 

Remark 5.5. For the case p G (2, oo), consider the following BSPDE 

-du(t,x) = [a tj (t)u x i xJ (t,x) + a lk (t)v x i(t,x) + F(t,x)]dt 

- v k {t, x)dW k , {t, x) G [0, T] x R d , (5.26) 
u(T,x) — G(x), xeR d , 



and SPDE: 



dr](t,x) =[a l3 (t)r] xlxJ (t,x) + f(t,x)]dt 

- a ik {t) Vx ,{t,x)dW k (t,x) G [0,T] x R d , (5.27) 
r](0,x) = 0, xeR d , 
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where / G M.~, n ~ 2 , (F, G) G H™ x £P(fi, 1/p + = 1, n 6 1 and (a^)^^ 

and (cr* fc )i<i<d,i<fc<m are the same as Theorem 15.21 If a = I and a = 0, one can check that 
77 (t, 2) = J Q e A ^~ s ^f(s, x)ds G H~, n is the unique solution of (15. 2 7ft in the sense of [T5lfT6] . 
For the general a and a, by applying the the Ito-Wentzell formula and the technical method 
used in Proposition I5.4[ we can conclude that (I5.27P has a unique solution 77 G H~, n . It is 
crucial that a is invariant in the space variable. 

Then through a procedure similar to the proof of Theorem 15.21 we can conclude that 
BSPDE (I5.26P has a unique solution pair (u,v) such that u G H™ +2 n HjJ , v(-, ■ + 
f Q a k (s)dW k ) G H™ 2 and for any <p € C™, the equality 

(u(t, •), 0) = (G, 0) + J T (a ij (t)u xixj (t, •) + a lk (t)v k xl (t, •) + F(t, •),</>) dt - f {v% •), 0) dWf , 

holds for all r G [0, T] with probability 1. For this solution pair, we have u G C([0, T], if") 
almost surely and 

IMIh™+ 2 + IMIh£ i00 + IMIh^ < C(T,n,d,p,X,A) (\\G\\ LP(sl ^ T ^+i ) + ||F|| H »J 
where v' = v(-, ■+ j Q a k (s)dW k ). In particular, when G = 0, we have ||w|| H «+2 < C(d,p, A, A) ||F| 

5.3 The case of general variable leading coefficients 

Now we deal with the general case. 

Theorem 5.5. Suppose that the assumptions 15. 1\\5.4\ are all satisfied. Consider G G 



L p (tt, & T , H™ +1 ) with p G (1, 2] and n G R. T/jen BSPDE (JETJ /ias a wiigue solution 
u G J^ ra+2 , satisfying the following inequality 

< C(T,n,K,g,d,p,X,A) (\\F(0, 0, -, -)||h« + ||G ! ||_ z> (fi, J?T ,_ ff £+ 1 )) . (5.28) 
The following lemma can be found in [TBI Lemma 5.2]. 

Lemma 5.6. Let ( G C^°(IR d ) be a nonnegative function such that J ((x)dx = 1 and 
define Ck(%) — k d ((kx), k = 1, 2, 3, . . . . JTien for any u G if™ , p G (1, 00), and any n G M, 
we /iowe 

(%) ||Gra|| niP < C||a|| B |n|+ 7 ||w|| ni p where C = C(d,p,n,j); 

(U) \\U * Ck\\n,p < \\u\\n,p, \\U — U* (k\\n,p ~> aS k -> OO. 

Applying Lemma [3T21 we get a priori result about the solution of BSPDE (15. ip . which 
is given in the following lemma. It will play a key role in the proof of Theorem 15.51 and 
distinguish our proof of BSPDEs from that of SPDEs in Krylov [T5| ITS] . 



Lemma 5.7. Let u G J^ 1 ^ 2 be a solution to BSPDE (15. ip . Let the assumptions 15. 1\\5.4 
be satisfied. Then for any e > 0, there exists a constant C = C(T,p,e) such that 

||Bm||h£ i2 (*) <e[||«a»r||H*(t) + II (®>u)x ||h»(*) + \\F{0, 0, •, •) || H n (i )] 

+ C(T,p,e, e ,A)\\u\\ mh t G [0, T). 
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Proof. Denote v := Dm. By Lemma 13.21 for any e > 0, there exists a constant C = 
C (T, p, e) such that 

IM| H ™ 2 <e\\Cu + M k v k + F(u, v, ■, -)||h ? + C(T,p, e)\\u\\ m n 
<eC(A)(\\u xx \\ M n + \\v x \\ M n + ||F(0,0, v )||h£) 
+ e(g(l) + 1)(||u||h» + \\v\\ B n) +C(T,p,e)\\u\\ B n. 

Since 

||^|| H? <T( 2 - p )/ 2 ||t;|| H;2 , 
we choose e sufficiently small so that 1 — e(q(1) + 1)T^ 2_P ^ 2 > 1/2. Therefore, 

\\v\\ m n 2 <2eC(A)[\\u xx \\ m n + \\v x \\ m n + \\F(0, 0, •, .)||h»] 
+ 2e{ e {l) + l)\\u\\ m? + 2C(T,p,e)\\u\\ M n p 
<2eC(A)[\\u xx \\ M n + \\v x \\ U n + \\F(0, 0, -)||e«] + C(T,p,e, 

This shows that the lemma is true for t = 0. Replacing H" with W£(t), we can prove the 
lemma for any t £ [0,T) similarly. □ 

We have the following result about the perturbed leading coefficients. 

Theorem 5.8. Let Assumptions 15. 1] 5.4 be satisfied. Then there exists a constant e £ 
(0, 1) depending only on d,p, A and A such that if the inequality 

|| (a(t, ■) - a(t)) iJ (uik \U,p + II ■) - ^Mi Wn, P 
<£(\\(ui) xx \\ n<p + \\(vi) x \\ n<p ) (5.29) 

+ # (lklU + IMU), vk,^) £ #;+ 2 x > o, 

holds for some constant K Q and some pair (a, a) which satisfies the assumptions in 
Theorem EH there exists a unique solution u £ ^^™ +2 to Equation (15. ip witt G = 0. 
Moreover, we have 

IMI^+3 < C(T, e, d, P, A, A) ||F(0, 0, •, •) || H «. (5.30) 
In particular, C is independent ofT if Kq = and g = 0. 

Proof. Step 1. We first prove that there is a generic constant e £ (0,1) such that the 
inequality f l5T29|) yields the estimate flODD for any solution w £ ^™ +2 to BSPDE floTTD . 
Denote v := Dm and rewrite BSPDE ( 15. ip into the following form: 

x) = [£u(t, x) + A* V(t, x) + (£- C)u{t, x) + (M- M) k v k {t, x) 

+ F{u, v, t, x)] dt - v k (t, x)dW k } (t, x) £ [0, T] x M. d ; (5.31) 
u{T,x) = 0, xeR d 

where 

OX 1 OX 3 ox 1 
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In view of Theorem 15.21 we have 



| U 1 1 j^yn-\-2 



<C(d, p, A, A) || (£ - C)u + (M - M) k v k + F(u, v,-,-) 

<C(d,p, X,A)[e(\\u xx \\ M? + |M|h«) +K (||w|| H n + \\v\\m$) + \\F(0, 0, -)|| H n 

+ eidlttaarllHJ + |W|h») + (^l) + £i)(IM|h™ + H|h»)] 

<C(d,p, A, A)[(e + eOdl^llii^ + IKIIhj) + (K + g{e t ) + £i)(||u|| H ™ + IMIh*) 
+ ||F(0,0 )V )||h ? ]. 

Note that the above still holds if H™ is replaced by HlJ'(i) for t G [0, T). Furthermore, if 
K = and g = 0, the map F does not depend on (u, v) and we get instead that 

IMI^+ 2 < C(d,p, \, A)[e(\\u xx \\jgn + \\v x \\ m n) + ||F|| H »], 

which implies the last assertion of Theorem 15.81 by taking e small enough such that 
C{d,p,\,A)e < 1/2. 

Now, fix t € [0,T). Then, noting that |M| H «(t) < T^ 2 ^/ 2 ||i; || H ^ 2 (t), from Lemma EH 
we conclude that for any £ 2 > 0, there exists a constant C = C(T,p, e 2 , £?) such that 

lklln«(t) < e2(||ttaa||H*(t) + IWIhjw + 11^(0,0, •, -) ||m™(*)) + C 2 (T,p,e 2 , e, A)IM|h»(*)- 
Thus, it follows that 

\\ u \\j^ +2 (t) 

<Ci(d,p, A, A){[e + £1 + (A" + e(ei) + £i)£2](|Kx||ii™(t) + |K||H«(t)) 

+ [(i^o + e(ei) + £i)e 2 + 1)11^(0, 0, •, OHhjw + (#o + g(ei) + £i)(l + C 2 (T,p, e 2 , e))||«||, 
Taking £1 = e, £ 2 = e/(K + g?(e) + e + 1) and £ = l/(4Ci + 1), we get 

lhlU-+2 (i) < 5||F(0,0, •, -)||H£(t) + C(T,p,d,X,A,K , g(e))\\u\\ M n(t), 
which immediately implies the following inequality 

lkll^+2 (t) < C(T,p,d,X,A,K Q ,g(e))(\\F(0,0, -)IIm-(*) + NlH»(t))- 
Since (see Remark l4~3l) 



E sup 011^ < C(p,r)||w" p 

se[t,T] p 



we have 



I 1 1 



<C(T, p, d, A, K Q , A, e (e)) (j|F(0, 0, •, •) ||^ (t) + E £ \\u(s, •) \\ p H „ds^j 



<C(T,p,d,X,K ,A,g(e))[\\F(0,0,;-)\\ p m „ {t) + j \\u\\ p ^ n+2(s) ds 
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Using Gronwall inequality, we get the desired estimation (I5.30p . 

Step 2. We use the standard method of continuity to prove the existence of the solution 
u G For 9 G [0, 1], we consider the BSPDE 



-du = (C e u + M k e v k + (1 - 6)F(u, v, t, x))dt - v k dW t k 
u(T, •) = 



(5.32) 



where 

C e := 9£ + (l- 9)C and M k e = 9M k + (1 - 6)M k . 

Note that the priori estimate ( I5.30p holds with the constant C being independent of 9. 
Assume that BSPDE f 1 5 . 3 2 j) has a unique solution u G J^™ +2 for 9 = 0„. Theorem E2\ 
shows that this assumption is true for 9 = 1. For any U\ G Jtf™^ 2 , the following BSPDE 

-du ={C eo u + M k 9o v k + (1 - 9 )F(u, v, t, x) + {9 - 9 ) [(£ - C)u x 

+ {M k - M k )(B Ul ) k + F{ Ul , Bu u t, x))}dt - v k dW k , (5.33) 
u(T, •) = 0, 

has a unique solution u in ^, n +2 , and we can define the solution map as follows 

<R 6o : jr p "+ 2 -> J^ + 2 , Ul ^ u. 
Then for any Uj G J^ n +2 , z = 1, 2, we have 

||%«2 - <C|# - 6» | || - C)(u 2 - «i) + {M k - M k )(Du 2 - B Ul ) k 



+ F(u 2 , Bu 2 , t, x) - F(m, Bui, t, x) || H ™ 

<C\9 — 9q\\\U\ — M 2 ||j^" + 2, 

where C does not depend on 9 and 9 . If (7|6> — 9 \ < 1/2, is a contraction mapping 
and it has a unique fixed point u G ^™ +2 which solves BSPDE (15^21 . In this way if 
(I5.32p is solvable for 9q, then it is solvable for 9 satisfying C\9 — 9q\ < 1/2. In finite number 
of steps starting from 9 = 1, we get to 9 = 0. This completes the proof. □ 

Lemma 5.9. Under the assumptions \5.1\\5.4\ there exists an e = e(n, 7, d,p, A, A) > 
such that if k(oo— ) < e, then the condition of Theorem \5.8\ is satisfied . Hence by Theorem 
\5.8\ we conclude that there exists a unique solution u G ^,™ +2 t° BSPDE (15. ip with the 
zero terminal condition satisfying the following inequality 

< C(T, g,d,p,X,A)\\F(0,0, v)IIh»- 

Proof. Define d(t) = a(t,0) and a(t) = a(t,0). It follows from Lemma [5.61 that, for any 
(ui,«i) G #™+ 2 x we have 

|| (a - o)« (t, -)KklU + ||(a - a)^(t, •)(«!)? |U 
<C(n, d, p, 7) (|| (a - a)(t, •) || sW+7 || (ui^Hn.p + \\(a - a)(t, •) || bN+7 || {v x ) x \\ n>p ) . 
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In view of ( I5.29p . there exists a constant e\ = £i(n, 7, d,p, A, A) such that if 

\\a(t, •) - a(t)|| B i™i+7||(Mi) ra ||n,p + \W(t, •) - o-(t)|| B ini+7||(wi)z||n,p < £i,Vt G [0,T], (5.35) 

the condition (15.291) in Theorem I5.8l is satisfied. With a standard method (c.f. [TB"| Lemma 
6.6, pp. 215-216]), we can check that if if e in our lemma is sufficiently small, (15. 35ft holds 
true. This complete the proof. □ 



To prove Theorem 15.51 we need a generalization of the Littlewood-Paley inequality, 
which is due to Krylov 



Lemma 5.10. Let p G (l,oo), n G (—00, +00), 5 > 0, and ( k G C°°, k = 1,2,3,... 
Assume that for any multi-index a and i6l d 

swp^2\D a C k (x)\ <M(a), 

x<ER d k 

where M(a) is constant. Then there exists a constant C = C(d,n,M) such that, for any 

f e h;, 

E W^Wn, P < C WfWl,V 
k 

If in addition 

Y.Mx)\ p >5, 



then for any f G H£. 



C(d,n,M,5)J2\\<kf\\l, P - 



v < 

n,p — 

k 



Proof of Theorem \5.5\ Step 1. Without loss of generality, assume that G = 0. 

In fact, by Theorem I5.2[ there exists a unique solution u G ^, n+2 for the equation 

-du = Audt - v k dW t k , t G [0, T]\ 

u(T,x) = G(x) { } 

satisfying the estimate 

||w||^n+ 2 < C(T,p,d, A, A) || G || LP(SJ/Tiff ;+i). 

Without lose of generality, we consider (u(t, -),©tt(t, •)) G Hp +2 x H^ +l for any (t,u) G 
[0, T] x Q. Setting (u, v) := (u + u, v + v), we need only to consider the BSPDE 

—du(t, x) =[a l:i (t, x)u x i x j{t, x) + a tk (t, x)v k i(t, x) + F(u, v, t, x)]dt 
-v k (t,x)dW k 

where 

F(u, v, t, x) = F(u + u, v + v, t, x) + a lJ (i, x)u x i x j (t, x) + o- lk (t, x)v k i(t, x) — Au(t, x). 
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It can be checked that F satisfies the same condition as F. 

Step 2. We give a priori estimate for the solution u G J^ p n ^ 2 to BSPDE (IQl . 

For e > in Lemma 1531 by Assumption 15.2} there exists Eq > such that k(s) < e for 
any s G [0, e ]- Let {£j : I = 1, 2, 3, . . . } be a standard partition of unity in M. d such that, 
for any /, the support of Q lies in the ball B(xi, £o/4). For any /, take a function rji G C£° 
valued in [0, 1] such that the support of rji lies in Bi(xi,Eq/2) and r\i = 1 on 5;. Denote 
u := Dm. Then we get 

-<£«/)(*, a:) =[Ci,(t,x)((iu)(t,x) + M*(t,x)((iv k )(t,x) + F(t,x)}dt 

-d(x)v k (t,x)dW t k (5.37) 

=o 



Ci{t,x) 
M k (t,x) 
F{t,x) 



where 

--rji(x)C(t, x) + (1 - r)i(x))£(t, xi), 
-- Vl (x)M k (t,x) + (l-r U (x))M k (t,x l ), 
-- - 2((i) xi a lJ u x j(t,x) - {(,i) x i x ia l3 u{t,x)- 
{(i) xi (T ik v k (t,x) + QF(u,v,t,x). 

From Theorem 14.11 and Lemma 15. 9[ we get 

IKdl H £+ 2 + IRzlle£ +1 < C(T,e, A, A, d,p)||F||H5 
Applying Lemma 15.101 and 15.61 we can get such conclusions as 



£ <C\\a«u(ou,t)\\ P n, P < C\\u\\^ f 

i 

\u(u,t)\\ n!P < C^2\\Ciu(u,t)\\ n ^ < C\\u(u;,t)\\ n , p , (u,t) G x [0,T]a.e.. 



/ 



Integrating each term on f2 x [0,T], we have 

1 1 U 1 1 + 2 

<C(T,n,K,d,p,X,A) (\\F(u,v,;-)\\ U n + ||u|| H n+i + ||i>||h»J 

<Ci(T,K,n,d,p, A, A) fei||w||^»+2 + ||F(0,0, •, -)||h» + (1 + e(^i)) ||w||m» + NIh») 

where £i > is arbitrary. Then, noting that ||w||h£ < ^ 2 ~ p " 2 ||'u||H n 2 j from Lemma [5.71 
we conclude that for any e 2 > 0, there exists a constant C = C(T, p, e 2 , such that 

NIh* < ^2 + ||F(0,0, v )Hh~) +C 2 (T,p,e 2 ,g,A)\\u\\ U n. 

By choosing £i + e 2 small enough such that Ci(T, k, n, d,p, A, A)(ei + e 2 ) < 1/2, we get 
\\u\\,^ +2 < C(T,k, g,n,d,p,X,A) (||F(0, 0, •, -)||e« + \\u\\n%) • (5.38) 
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In view of Theorem 14.11 and Remark 14.31 we can show in a similar way the following 
inequality 

E\W(t, -)\\ P n, P < C\\F(0, 0, •, .)||5n + C J E\\U(8, -)\\ P n, p ds 

for all t G [0, T\. Using Gronwall's inequality, we have 

IW„<C||F(0,0, v )||^, 
which along with (15.381) implies the following estimate 

\\u\\^n+2 < C(T, k, g, n, d,p, A, A)||F(0, 0, -, -)I|h™- (5.39) 



Step 3. In the end, proceeding identically as in Step 2 in the proof of Theorem 15.81 
we can prove the existence and uniqueness of the solution. The proof is complete. 

□ 

Corollary 5.11. Let the assumptions of Theorem 15.51 be satisfied. We assume that the 
assumptions are not only satisfied for p but also for q G (1,2]. Then the solution u in 
Theorem \5.5\ belongs to J^ n+2 . 

Proof. We can prove our corollary by completing the Step 3 of the proof of Theorem 
15.51 The difference from Step 2 in the proof of Theorem 15.81 lies that we use the Picard 
iteration this time instead of the contraction mapping principle. Indeed, consider the 
equation (15 .32 p . Take a 9 = 9 equation (I5.32|) with zero terminal condition has a unique 
solution u G J^^~ 2 {T) fl ^™ +2 - By the way, this assumption is satisfied for 9 = 1 by 

Theorem 15.21 and Remark l5\4l Set uq = and take iterations ui = 9^e M/_i, I = 1, 2, 3, 

Then there exists a constant 5 > independent of 6*0 such that if 9 G [#0 — 5, 9 + 5] fl [0, 1], 
ui is a cauchy sequence both in J^q 2 and ^,™ +2 an d f° r these 6*s the solutions in e^,™ +2 
and ^pQ 2 coincide. In finite steps from 9 = 1, we get to 9 = 0. This completes the 
proof. □ 



6 Two related topics 

The proofs of the following results are similar to that of the SPDE in [16J, and will be 
sketched only. 



6.1 Comparison theorem 

The following theorem shows that the solution to BSPDE (15. ip is continuous w.r.t. the 
leading coefficients a iJ and a tk , the non-homogeneous drift term F, and the terminal value 
G. 

Theorem 6.1. Assume that for I = 1, 2, 3, ... , we are given af , a\ \ , Fi, and Gi verifying 
the same assumptions as a % \a %k ',F and G in Theorem 15. 51 with the same constants A, A 
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and the same functions k, g. Let ((x) be a real function taking values in [0, 1] such that 
((x) = 1 if \x\ < 1 and ((x) = if \x\ > 2. Define ( r {x) = ((x/r) for r = 1, 2, 3, . . . . And 
we also assume that, for r = 1, 2, 3, . . . , i, j = 1, . . . , d, k = 1, . . . , m, t G [0, T], and u G f2, 

\\Cr{a ij (t, •) - af(t, -)}|U + \\(r{a ik (t, •) - of (t, -)}\\ n , p -> (6.1) 

as / — >■ oo. Furthermore, E\\Gi — — )■ and 

llF^v,.,.)-^,^ -,011^-^0, (6-2) 

whenever u G ^, n+2 and v := Dm. // we take the function u from Theorem 15.51 and /or 
any I define ui G ^, n+2 as the unique solution of the following BSPDE 

-dui(t,x) = [af(t,x)ui x i x i(t,x) + a lk (t,x)v k xt (t,x) + Fi(ui,v h t,x)]dt 

- v k {t, x)dW k , {t, x) G [0, T] x R d , (6.3) 
ui{T,x) = G t {x), xeR d , 

where V\ := V>ui, then we have \\u — Ui\\^n+2 — > as I — > oo. 

Proof. Let u\ = u — u\ and v\ =v — v\. Then we have 

-dui(t,x) = [af(t,x)u la ,i x j(t,x) + al k (t,x)vf xl (t,x) + fi(u h Vi)]dt 

- v k {t, x)dW k , {t, x) G [0, T] x R d , (6.4) 
n,(T,x) = Gi(x), xeR d , 

where 

/*(n z , v,) = (a ij - af)u x i x j + (a lk - aj k )v x i + F(u, v) - F t (u - u, v - v). 
Then by Theorem 15.51 we obtain 

\\lL — Ul\\ + 2 < CJl, 

where C is independent of I and 

Ji =||(a ij - af)u x i xj \\mn + \\(a ik - af e )v x i\\ B n+ 
\\F(u,v) - Fi(u,v)\\ M n + (E\\Gi - G||^ + i iP ) 1/p . 

By our assumptions, we have 

lim sup Ji < limsup{||(a u - af )u x i x i || H « + \\{o- lk - o- lk )v x 4w$}- (6.6) 



(6.5) 



Then the following is standard (for conference, see the proof of Theorem 5.7 of [TO] 
pp.209-210). 

For any G C£°, let r be so large that <p( r = 0. Then, by Lemma [5.61 we get 

\\(a lJ - af )u x i x i\\ ntP < C\\(u - 4>) x i x i\\ n ,p + \\{a %3 - aH^W \\n, P , (6-7) 
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||(a y - af)(j) x i x i\\ niP = \\(a 13 - af )C r <?W||n,p < C\\(a lJ - )Cr-||n,p||0||.Bl»l+2+7, 

where the constants C"s are independent of r and I. Thus, 

limsup \\(a lJ - a) 3 )u x i x j\\ n , p < C\\{u - 4>) x i x j\\ n ^ for (t,u) G [O.T] x Q,a.e., 

and the arbitrariness of <fi implies the left-hand side above is zero. Then by Lemma 15.61 
and the dominated convergence theorem, we conclude that 

lim || (a lJ - a\ 3 )u xlxj \\ U n = 0. 

I— >oo 1 

Similarly, we can get lim^oo ||(V fc — a\ k )v x i ||e« = 0. □ 

Remark 6.1. From Lemma [2TT| it follows that the condition (16. 2p holds for any u G ^f^ +2 
if and only if it is satisfied for u(t, x) = <p, v k (t, x) = <ft k with any <f), <ft k G C^°, k = 1, . . . , m. 

Corollary 6.2. Take Q from Lemma \5. (A Under the assumptions of Theorem 15.51 f or 
I = 1, 2, 3, . . . , we define 

(ai, ai) = (a, a)(t, ■) * Q(x), G x = G * &(x), 

and also 

Fi(u,v,t,x) = F(u,v,t, •) *0(x) = / F(u(x),v(x),t,x-y)Q(y)dy. 

J«. d 

Then the assumptions of Theorem \ 6.1\ are satisfied, and if we take U\ G ^, n+2 as the 
unique solution of BSPDE (16. 4p . we have \\u — w/|| — >■ as I —¥ oo. 

As the proof of the corollary is just a verification, which is very similar to [El Corollary 
5.10], it is omitted here. 

Theorem 6.3. Under the assumptions of Theorem \5.h\ let u be the solution of BSPDE 
(15.11) for n — 0. And further, assume that 

F(u, v, t, x) = b l (t, x)u x i + c (t, x)u(t, x) + Cfc(t, x)v k (t, x) + f(t, x), 

where b l (t, x) , c (t, x) , Ck(t, x) , k = 1, . . . , m are bounded & x B(M d ) -measurable functions 
on [0, T] x Q x ]R d and f(t, x) > 0. Also assume that G > almost surely. Then u(t, •) > 
for all t G [0, T] almost surely. 

Proof. First, we take two nonnegative sequences (f l )i>i in L°°(Q x [0, T], H$) D H° 
and (G z )z>i in L 2 (n,^ T ,H%) n L p {Vl,^ T ,Hl) such that ||/' - /|| H o -> and ||G? J - 
G r ||Lp(Q,j? T ,_ffi) - >■ as I — > oo. Next, Corollary 16.21 allows us to assume that G l , f l and all 
the other coefficients are infinitely differentiable in x. 

After those above, by Theorem 16.11 we get an approximating solutions u l of u. In 
this case the assumptions of Theorem 15.51 are satisfied for p = 2, and any n > 0. Then, 
Corollary 15.111 yields u l G Jtf^' for any r > 0. Furthermore, in this case the assumptions 
of Theorem 5.1], [rUJ Theorem 6.1] and [231 Theorem 6.1] are all satisfied, and the 
comparison theorems there all imply u l > (a.e. (t,x,u)). By taking limits, we get u > 
(a.e. (t, x, u)). On the other hand, in light of Lemma [3TT[ it follows that u G C([0, T], H®) 
a.s., which implies u > (at least for a modification of u) for all t G [0,T] almost 
surely. □ 
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6.2 LP theory for p > 2 

When p < 2, the assertion of Lemma 15.31 is not true in general. This fact makes the 
ZAtheory we have established in Section 5 require the assumption p G (1,2] and Krylov's 
seminal work (|15[ IT6]) require p G [2, oo). However, if we consider SPDEs (15.271) where 
the diffusion is homogeneous in the unknown variable, the harmonic result (Lemma 15. 31) 
can be avoided, which could allow us to get further results. 
Consider the following BSPDE 

—du(t,x) = [a tj (t,x)u x i x j(t,x) + cr tk (t)v^(t,x) + F(u,a l u x , + v,t,x)]dt 

- v k (t, x)dW k , (t, x) G [0, T] x R d ; (6.8) 
u(T,x) = G(x), x G M. d . 

Definition 6.1. We call (u,v) a solution pair of BSPDE (j£3} in H™+ 2 x H™ 2 if u G H™, 

v(-, ■ + f Q a k (s)dW k ) G Hp j2 and for any G C£°, the equality 

T 



--(G, 0) + J (a v (t, -)u xixj (t, •) + a lk (t)v%(t, •) + a l u x , + v, t, •), <f>)dt 
- [ T (v k (t,-),<f>)dW t k , V(t,0) G [0,T) x C c °° 



(6.9) 

holds for all r G [0, T] with probability 1. 

For the case p > 2, we have presented some results in Remark 15.51 on BSPDEs with 
constant-field- valued coefficients. Through a procedure similar to the case p G (1,2] we 
get the following result. 

Proposition 6.4. Forp > 2 and n G M, suppose that a and a satisfy Assumption \5 . 1§5 . 3\ 
with a being invariant in the space variable. Let F(0, 0, •, •) G H™. For any (h, g) G W^ +2 x 
Hp 2 , F(h, g,t, ■) is an H^-valued ^-measurable process such that there is a continuous 
and decreasing function g : (0, oo) — > [0, oo) and a constant L > such that for any e > 0, 
we have 

\\F(h,g, -, •) - F(h',g', ■, -)||^(t) 
<£||A - ft.'||^+a (t) + g(e)\\h - h'\\ M n {t) + L\\g - g'\\w^ 2 (t), (6.10) 
h,ti G e; +2 and g,g' G E£ 2 , 

/ioWs /or any t G [0, T). Consider G G L p (fi, J? r , #£ +1 ). T/jen BSPDE (EE} /ias a raigwe 
solution pair (u, v) in H" +2 x H" 2 . .For i/iis solution pair, we have 



IMIh£+ 2 + IKIIh£ 2 < C(T,n,K,g,d,p,X,A) [\\F(0, 0, -, -)|| H n + 11^11^(^,^+1) 
w/jere u'(t,a?) = u(t,a; + /„* or fe (s)eW*), (t, ac) G [0,T] x M d . 
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Here, we only give a sketch of the proof. First, take ((t,x) = u(t,x + f* a k (s)dW k ). 
Applying formally the Ito-Wentzell formula (c.f [TT]). we can rewrite the BSPDE ( 16.81) 

-d((t,x)=[a i i(t,x)( xixj (t,x) + F((,aX x i+v , ,t,x + j a k {s)dW k )]dt 

- (a ki (^{t,x)+v' k {t,x))dW k , (t,x) G [0,T] x R d ; 
C(T,x) =G(x), xeR d , 

where d(t,x) := a(t,x + f* cr k (s)dW k ) - \oo r and G = G(x + J Q T a k (s)dW k ). Actually 
the estimate about v are deduced from Lemma 13.11 The proof of the other assertions are 
very similar to those seen in Section 5.3. 
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